International Journal of Scientific & Engineering Research, Volume 4, Issue 12, December-2013
ISSN 2229-5518

392

ON ALMOST STRONGLY 6-0-CONTINUOUS FUNCTIONS

HAKEEM A. OTHMAN* AND ALI TAANI**

ABSTRACT. We introduce a new class of functions called almost strongly #-b-continuous

function which is a generalization of strongly 6#-continuous functions and strongly 6-b-

continuous functions. Some characterizations and several properties concerning almost

strongly #-b-continuous function are obtained.

1. INTRODUCTION

A subset A of a topological space X is b-
open [2] or sp-open [7] if A C Int(CI(A)) U
Cl(Int(A)). A function f: X — Y is called
b-continuous [8] if for each x € X and each
open set V of Y containing f(x), there exists
a b-open U containing x such that f(U) C V,
which is equivalent to say that the preimage
J7H(V) of each open set V of Y is b-open in
X. Recently, Park [16] introduced and inves-
tigated the notion of strongly #-b-continuous
functions which is stronger than b-continuous,
moreover see [3, 4, 5].The purpose of the
present paper is to introduce and investi-
gate a weaker form of strongly #-b-continuity
called almost strongly 6-b-continuous func-
tion.

For the benefit of the reader we recall
some basic definitions and known results.
Throughout the present paper, the space X
and Y (or (X,7) and (Y, 0) ) stand for topo-
logical spaces with no separation axioms as-
sumed, unless otherwise stated. Let A be a
subset of X. The closure of A and the interior
of A will be denoted by CI(A) and Int(A),
respectively.

The complement of an b-open set is called
b-closed. The smallest b-closed set contain-
ing A C X is called the b-closure, of A and
shall be denoted by bCI(A).
all b-open set of X contained in A is called
the b-interior of A and is denoted by bInt(A).
A subset A is said to be b-regular if it is b-
open and b-closed. The family of all b-open (

The union of

resp; b-closed, b-regular, open ) subsets of a
space X is denoted by BO(X) ( resp; BC(X),
BR(X),0(X) respectively ) and the collec-
tion of all b-open subsets of X containing a
fixed point z is denoted by BO(X,z). The
sets O(X,z) and BR(X, ) are defined anal-
ogously.

A point z € X is called a #-cluster point of
Aif Cl(U)NA # ¢ for every open set U of X
containing x. The set of all #-cluster points
of A is called the 6-closure [18] of A and is
denoted by Cly(A). A subset A is said to be
G-closed [18] if Cly(A) = A. The complement
of a f-closed set is said to be f-open.

A point z of X is called a b-0-cluster [16]
point of A if bCI(U) N A # ¢ for every
U € BO(X,z). The set of all b-6-cluster
points of A is called b-A-closure of A and is
denoted by bCly(A). A subset A is said to be
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b-0-closed if A = bCly(A). The complement
of a b-0-closed set is said to be b-0-open set.
A subset A of X is called regular open
(regular closed) if A = Int(Cl(A)) (A =
Cl(Int(A))). The o-interior of a subset A
of X is the union of all regular open sets
of X contained in A and it is denoted by
d-Int(A) [18]. A subset A is called d-open
if A = §-Int(A). The complement of a o-
open set is called d-closed. The d-closure
of a set A in a space (X,7) is defined by
{r € X : AnInt(Cl(B)) # ¢, B € 7 and
x € B} and it is denoted by 4-Cl(A).

2. CHARACTERIZATIONS

Definition 2.1. A function f : X — Y is
said to be almost strongly 6-b-continuous if
for each z € X and each open set V of Y
containing f(x), there exists U € BO(X,x)
such that f(bCU(U)) C Int(CIL(V)).

Definition 2.2. [16] A function f: X — Y
is said to be strongly 6-b-continuous if for
each x € X and each open set V of Y con-
taining f(z), there exists U € BO(X, z) such
that f(bCl(U)) C V.

Then it is clear that every strongly 6-b-
continuous is almost strongly #-b-continuous
but the converse is not true.
Definition 2.3. [14] A function f: X — Y
is said to be strongly #-continuous if for each
x € X and each open set V' of Y containing
f(z), there exists an open set U of X con-
taining = such that f(CI(U)) C V.

Example 2.4. Let X = {a,b,c},
(X, 1) =A{X,¢,{a},{a,b}} with BO(X,T) =
{X.¢.{a},{a,b},{a,c}} and (X, o) =
{X,0,{a}}. And f : (X,7) — (X,0) be
defined by f(a) = b, f(b) = c and f(c) = a.

Then f is almost strongly 0-b-continuous but
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it is not strongly 0-b-continuous . Since the
open set V- = {a} in (X,0) containing f(c)
and there is no b-open set U in (X, T) con-
taining ¢ such that f(bCI(U)) C V.

Theorem 2.5. For a function f : X — Y,
the following are equivalent:

(1) f is almost strongly 0-b-continuous;

(2) f7H(V) is b-0-open in X for each reg-
ular open set V of Y;

(3) f7UF) isb-O-closed in X for each reg-
ular closed set F' of Y;

(4) for each x € X and each regular
open set 'V of Y containing f(x),
there exists U € BO(X,x) such that
FCUU)) C Vs

(5) f7XV) is b-O-open in X for each §-
open set V of Y;

(6) f7YF) is b-B-closed in X for each d-
closed set F' of Y;

(7) f(bCla(A)) C Cls(f(A)) for each sub-
set A of X;

(8) bCly(f~Y(B)) C f~H(Cls(B)) for each
subset B of Y.

Proof. (1) — (2): Let V be any regular open
set of Y and x € f~1(V). Then V = int(clV)
and f(z) € V. Since f is almost strongly 6-b-
continuous, there exists U € BO(X,z) such
that f(bCl(U)) C V. Therefore, we have
r €U CbCIU) C f~1(V). This shows that
f7HV) is b-B-open in X.

(2) — (3): Let F be any regular closed set
of Y. By (2), ff{(F) =X — f}(Y = F) is
b-0-closed in X.

(3) — (4): Let z € X and V be any regu-
lar open set of Y containing f(x). By (3),
YUY = V) = X — f74V) is b-O-closed
in X and so f~}(V) is a b-f-open set con-
taining z, there exists U € BO(X,z) such
that bCI(U) C f~Y(V). Therefore, we have
fOCUU)) € V.

(4) — (5): Let V be any d-open set of YV



and z € f~YV). There exists a regular
open set G of Y such that f(z) € G C V.
By (4), there exists U € BO(X,z) such
that f(bCI(U)) C G. Therefore, we obtain
r €U CbCLU) C f~1(V). This shows that
f~HV) is b-6-open in X.
(5) — (6): Let F be any d-closed set of Y.
Then Y — F is b-f-open in Y and by (5),
fUF) = X — f7YY = F) is b-6-closed in
X.
(6) — (7): Let A be any subset of X.
Smce Cls(f(A)) is d-closed in Y, by (6)
“HCls(f(A))) is b-O-closed in X. Let = ¢
f Y(Cls(f(A))). There exists U € BO(X, )
such that bCL(U) N f~1(Cls(f(A))) = ¢ and
thus bCU(U) N A = ¢. Hence z ¢ bCly(A).
Therefore, we have f(bCly(A)) C Cls(f(A)).
(7) — (8): Let B be any subset of Y. By
(7), we have f(bCly(f~'(B))) C Cls(B) and
hence bCly(f~1(B)) C f~1(Cls(B)).
(8) — (1): let z € X and V be any
open set of Y containing f(x). Then G =
Y — Int(Cl(V)) is regular closed and hence
d-closed in Y. By (8), bCl(f~(G)) C
HCls(@)) = f~1(Q) and hence f7(G) is
b-O-closed in X. Therefore, f~1(Int(CI(V)))
is b-0-open set containing z. There ex-
ists U € BO(X,x) such that bCl(U) C
f~HInt(CL(V))). Therefore we obtain
f(CUU)) C Int(Cl(V)). This shows that
f is almost strongly 6-b-continuous. O

Definition 2.6. A subset A of a space X is
said to be:
(1) a-open [12] if A C Int(Cl(Int(A)));
(2) semi-open [9] if A C Cl(Int(A));
(3) preopen [11] if A C Int(CI(A));
(4) [-open [2] if A C Cl(Int(CIl(A))).

Theorem 2.7. For a function f : X — Y,
the following are equivalent:

(1) f is almost strongly 0-b-continuous;
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(2) bCly(f~H(V) C f7HCUV)) for each
B-open set V of Y;

(3) bCl(f~H(V) C f~YCUV)) for each
b-open set V of Y;

(4) bCly(f~H(V) C f7HCUV)) for each
semi-open set V of Y.

Proof. (1) — (2): Let V be any -open set of
Y. Then by Theorem 2.4 in [1] CI(V') is reg-
ular closed in Y. Since f is almost strongly
6-b-continuous, f~1(CI1(V)) is b-0-closed in X
and hence bCly(f~1(V) C f~H(CI(V)).

(2) — (3): This is obvious since every b-open
set is (B-open.

(3) — (4): This is obvious since every semi-
open set is b-open.

(4) — (1): Let F be any regular closed set
of Y. Then F' is semi-open in Y and by(4)
bCly(f~H(F) C f~HCUF)) = f~1(F). This
shows that f~!(F) is b-6-closed in X. There-
fore f is almost strongly 6-b-continuous. [J

Recall that a space X is said to be almost
regular [15](resp; semi-regular) if for any reg-
ular open (resp; open ) set U of X and each
point x € U, there exist a regular open set V'
of X such that z € V' C CI(V) C U (resp;
xeV CU).

Theorem 2.8. For any function f : X — Y,
the following properties hold:

(1) If f is b-continuous and Y is almost
reqular, then f is almost strongly 6-b-
continuous;

(2) If f is almost strongly 6-b-continuous
and 'Y s semi-reqular, then f s
strongly 0-b-continuous;

Proof. (1) Let « € X and V be any regu-
lar open set of Y containing f(z). Since Y
is almost regular, there exists an open set
W such that f(z) € W C Cl(W) C V.
Since f is b-continuous, there exists U €
BO(X,x) such that f(U) € W. We shall

http://lwww.ijser.org



show that f(bCI(U)) C Cl(W). Suppose that
y ¢ Cl(W). There exists an open neighbor-
hood G of y such that G N W = ¢. Since
f is b-continuous, f~'(G) € BO(X) and
fHG)NU = ¢ and hence f~HG)NbCI(U) =
¢. Therefore, we obtain G N f(bCI(U)) = ¢
and y ¢ f(bCl(U)). Consequently. we have
fOOCUU)) CCl(W)C V.

(2) Let x € X and V be any open set of
Y containing f(z). Since Y is semi-regular,
there exists a regular open set W such that
f(z) € W C V. Since f is almost strongly 6-
b-continuous, there exists U € BO(X, x)such
that f(bCl(U) € W. Therefore, we have
fCIU) C V. O

Definition 2.9. A topological space X is
said to be b*-regular ( resp; b-regular [16], al-
most b-regular ) if for each ' € BC(X) (
resp; F' € C(X),F regular closed ) and each
x ¢ F, there exist disjoint b-open sets U and
V such that z € U and F C V.

Lemma 2.10. For a topological space X, the
following are equivalent:

(1) X is b*-regular ( resp; b-reqular [16] );

(2) For each U € BO(X,x) ( resp; U €
O(X,z) ), there exists V € BO(X, x)
such that x € V CbCl(V) CU.

It is Known that a function f : X — VY
is almost continuous if for each x € X and
each open set V of Y containing f(z), there
is a neighborhood U of z such that f(U) C
Int(C1(V)). Long and Herrington [10] proved
that f : X — Y is almost continuous if and
only if the inverse image of every regular open
set in Y is open in X.

Theorem 2.11. (1) If a continuous function
f: X =Y is almost strongly 6-b-continuous
then X is almost b-regular.

(2) If f : X — Y is almost continuous and
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X s b-reqular then f is almost strongly 6-b-
continuous.

Proof. (1) Let f : X — Y be the iden-
tity. Then f is continuous and hence almost
strongly 6-b-continuous. For any regular open
set U of X and any points x € U, we have
f(z) = x € U and there exists G € BO(X, x)
such that f(bCI(G)) C U. Therefore, we have
r € G CbCI(G) C U and hence X is almost
b-regular.
(2) Suppose that f : X — Y is almost
continuous and X is b-regular. For each
x € X and any regular open set V' contain-
ing f(x), f~1(V) is an open set of X con-
taining x. Since X is b-regular there exists
U € BO(X,x) such that z € U C bCIl(U) C
f7YV). Therefore, we have f(bCL(U)) C V.
This shows that f is almost strongly 6-b-
continuous. U
Theorem 2.12. [16] Let A and B be any
subset of a space X. Then the following prop-
erties hold:
(1) A € BR(X) if and only if A is b-6-
open and b-0-closed;
(2) x € bCly(A) if and only if VN A# ¢
for each V € BR(X, x);
(3) A € BO(X) if and only if bCI(A) €
BR(X);
(4) A € BC(X) if and only if bInt(A) €
BR(X);
(5) A € BO(X) if and only if bCI(A) =
bCly(A);
(6) A is b-0-open in X if and only if for
each x € A there erists V € BR(X)
such that x € V C A.
Lemma 2.13. A subset U of a space X is
b-0-open in X if and only if for each x € U,
there exists b-open set W with x € W such
that bC1(W) C U.

Theorem 2.14. For a function f: X — Y,
the following are equivalent:



(1) f is almost strongly 0-b-continuous;

(2) for each x € X and each reqular open
set V of Y containing f(x), there ex-
ists a b-0-open set U containing x
such that f(U) C V;

(3) for each x € X and each reqular open
set V of Y containing f(x), there ex-
ists a b-open set W containing x such

that f(bClo(W)) C V.

Proof. (1) — (2): Let x € X and let V be
any regular open subset of Y with f(x) € V.
Since f is almost strongly 6-b-continuous,
Y V) is b-G-open in X and x € f~1(V).
Let U = f~Y(V). Then f(U) C V.
(2) — (3): Let x € X and let V' be any reg-
ular open subset of Y with f(z) € V. By
(2), there exists a b-6-open set U containing
such that f(U) C V. From Lemma 2.13 there
exists a b-open set W such that x € W C
bCI(W) C U. Since W is b-open, bCl(W) =
bCly(W), and then we have f(bCly(W)) C V.
(3) — (1): This follows from Lemma 2.12(5).
O

3. SOME PROPERTIES

Theorem 3.1. Let f: X — Y be a function
and g : X — X xX Y be the graph function of
f. Then, the following properties hold:

(1) If g is almost strongly 6-b-continuous,
then f is almost strongly 6-b-
continuous and X is almost b-regular;

(2) If f is almost strongly 0-b-continuous
and X s b*-reqular, then g is almost
strongly 0-b-continuous.

Proof. (1) Suppose that g is almost strongly
f-b-continuous. First we show that f is al-
most strongly 6-b-continuous. Let x € X and
V be a regular open set of Y containing f(z).
Then X x V is a regular open set of X x Y
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containing g(z). Since g is almost strongly 6-
b-continuous there exists U € BO(X, x) such
that g(bCl(U)) C X x V. Therefore, we ob-
tain f(bCI(U)) C V. Next we show that X is
almost b-regular. Let U be any regular open
set of X and x € U. Since g(z) € U x Y and
U x Y is regular open in X x Y, there exists
G € BO(X,z) such that g(bCI(G)) C U x Y.
Therefore, we obtain x € G C bCI(G) C U
and hence X is almost b-regular.

(2) Let x € X and W be any regular open
set of X X Y containing g(x). there exist reg-
ular open sets U; € X and V C Y such that
g(x) = (z, f(z)) € Uy x V. C W. Since f is
almost strongly 6-b-continuous, there exists
Uy, € BO(X,z) such that f(bCl(Us)) C V.
Since X is b*-regular and U1NU; € BO(X, x),
there exists U € BO(X,z) such that x €
U CbCl(U) C Uy NUy (by Lemma 2.10).
Therefore, we obtain ¢(bCl(U)) C U; X
f(bCU(Uy)) C Uy x V C W. This shows that
g is almost strongly #-b-continuous. O

Lemma 3.2. [13] If X, is a-open in X, then
BO(X,) = BO(X) N Xo.

Lemma 3.3. [16] If A C X, C X, and Xy is
a-open in X, then bCI(A) N X, = bClx (A),
where bClx (A) denotes the b-closure of A in
the subspace Xj.

Theorem 3.4. If f : X — Y s almost
strongly 0-b-continuous and Xo is a «-open
subset of X, then the restriction f|Xo : Xo —
Y is almost strongly 0-b-continuous.

Proof. For any x € Xy and any regular
open set V' of Y containing f(x), there ex-
ists U € BO(X,x) such that f(bCl(U)) CV
since f is almost strongly 6-b-continuous. Put
Uy = U N Xy, then by Lemmas 3.2 and 3.3,
Uy € (BO )goalld b@lx) U, C (beUo



Therefore, we obtain (f|Xo)(bClx,(Uy)) =
F(6ClL,(Uy)) € FOCIT) € FBCIU)) <
V. This shows that f|X, is almost strongly
f-b-continuous.

O

Definition 3.5. A space X is said to be b-
Ty ( resp; b-Urysohn ) [6] if for each pair
of distinct points x and y in X, there exist
U € BO(X,z) and V € BO(X, z) such that
UNV = ¢ (resp; bCUU)NCUV) = ¢ ).

Definition 3.6. A space X is said to be
rTy [1] if for each pair of distinct points x
and y in X, there exist regular open set con-
taining one of the points but not the other.

Theorem 3.7. Let f : X — Y be injective
and almost strongly 0-b-continuous.
(1) If Y is rTy , then X is b-Ty;
(2) If Y is Hausdorff, then X is b-
Urysohn.

Proof. (1) Let x and y be any distinct points
of X. Since f is injective, f(z) # f(y)
and there exists a regular open set V' con-
taining f(x) not containing f(y) or a regular
open set W containing f(y) not containing
f(z). If the first case holds, then there ex-
ists U € BO(X, z) such that f(bCl(U)) C V.
Therefore, we obtain f(y) ¢ f(bCI(U)) and
hence X —bCIl(U) € BO(X,y). If the second
case holds, then we obtain a similar result.
Therefore, X is b-T5.

(2) Asin (1), if x and y are distinct points of
X, then f(z) # f(y). Since Y is Hausdorff,
there exists open sets V' and W containing
f(z) and f(y) respectively, such that VNI =
¢. Hence Int(ClL(V)) N Int(CLU(W)) = ¢.
Since f is almost strongly 6-b-continuous,
there exist G € BO(X,z) and H € BO(X,y)
such that f(bCI(G)) <€ Int(CI(V)) and
fCIU(H)) C Int(Cl(W)). It follows that
bCI(G) NbCI(H) = ¢. This shows that X
is b-Urysohn.
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O
Lemma 3.8. Let A be a subset of X and B
be a subset of Y. Then
(1) [13] If A € BO(X)and B € BO(Y),
then Ax B € BO(X xY).
(2) [16] bCI(A x B) C bCI1(A) x bCI(B).

Theorem 3.9. Let f: X; —-Y,g: Xy =Y
be two almost strongly 6-b-continuous and Y
is Hausdorff, then A = {(z1,22) : f(x1) =
g(x2)} is b-0-closed in X7 x Xs.

Proof. Let (x1,25) ¢ A. Then f(x1) # g(x2).
Since Y is Hausdorff, there exist open sets
Vi and V5 containing f(z1) and g(z3) re-
spectively, such that Vi NV, = ¢, hence
Int(Cl(V1))NInt(Cl(V3)) = ¢. Since f and g
are almost strongly 6-b-continuous, there ex-
ists Uy € BO(X,z1) and Uy € BO(X, z3)
such that f(bCIl(U;)) C Int(Cl(V;)) and
g(bCl(Us)) C Int(Cl(Vy)). Since (x1,x2) €
Uy x Uy € BO(X; x X3) and bCl(U; x Up) N
A C (bCUU,) x bC(Uy)) N A = ¢, we have
that (z1,x2) ¢ bClp(A). Thus A is b-6-closed
in X; x Xo. U

In [13], Nasef introduced the notion of B*-
space. If for each z € X, BO(X, z) is closed
under finite intersection, then the space X is
called B*-space.

Theorem 3.10. Let f, g be two almost
strongly 0-b-continuous from a B*-space X
into a Hausdorff, space Y. Then the set
A={x e X : f(x) = g(z)} is b-0-closed.

Proof. We will show that X\ A is b-6-open.
Let x ¢ A, then f(x) # g(x). Since Y is
Hausdorff, there exist open sets V; and V5 in
Y such that f(z) € V; and g(x) € Vo and V1N
Vo = ¢, hence Int(Cl(Vy)) N Int(Cl(V3)) =
¢. Since f and g are almost strongly 6-b-
continuous, there exist b-open sets U; and
Us containing = such that f(bCl(Uy)) C
Int(Cl(V1)) and g(bCl(Us)) C Int(Cl(Va)).
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Take U = U;NUs,. Clearly U € BO(X, x) be-
cause X is B*-space and x € U C bCIl(U) C
bClL(U; NUy) C bCU(Uy) NbCI(U,) € X\A
because f(bCI(Uy)) N g(bCl(Uy)) = ¢. Thus
X\A is b-6-open. O

Recall that for a function f : X — Y, the
subset {(x, f(z)) : 2z € X} of X x Y is called
the graph of f and is denoted by G(f).

Definition 3.11. The graph G(f) of a func-
tion f: X — Y is said to be b-0-closed if for
each (z,y) € (X xY)\ G(f), there exist U €
BO(X, x) and an open set V in Y containing
y such that (bCU(U) x CI(V))NG(f) = ¢.
Lemma 3.12. The graph G(f) of a func-
tion f : X — Y is b-0-closed if and only if
for each (z,y) € (X x Y)\ G(f), there exist
U € BO(X,x) and an open set V in'Y con-
taining y such that f(bCL(U)) N CUV) = ¢.

Theorem 3.13. Let f : X — Y be almost
strongly 0-b-continuous and Y s Hausdorff,

then G(f) is b-0-closed in X x Y.

Proof. Let (z,y) € (X xY)\ G(f). Then
f(z) # y Since Y is Hausdorff, there exists
open sets V and W in Y containing f(z)
and y respectively, such that Int(CI(V)) N
Cl(W) = ¢. Since f is almost strongly
0-b-continuous, there exist U € BO(X, x)
such that f(bCI(G)) € Int(CI(V)). There-
fore, f(bCL(U)) N CI(W) = ¢. and then by
Lemma 3.12 G(f) is b-0-closed in X x Y.

0

Recall that a subspace A of X is called a re-
tract of if there is a continuous map r : X —
A (called a retraction) such that for all z € X
and all a € A, r(z) € A, and r(a) = a.

Theorem 3.14. Let A be a subset of X and
r: X — A be almost strongly 0-b-continuous
retraction. If X is Hausdorff, then A is b-0-
closed subset of X.
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Proof. Suppose that A is not b-6-closed.
Then there exists a point z in X such that
r € bCly(A) but = ¢ A. It follows that
r(z) # x because r is retraction. Since X
is Hausdorff, there exist open sets U and V
containing = and r(z) respectively, such that
UNV = ¢, hence sCl(U) N Int(ClL(V)) C
ClU) N Int(Cl(V)) = ¢. By hypothe-
sis, there exists U, € BO(X,x) such that
r(bCIl(U,)) C Int(ClL(V)). Since UNU, €
BO(X,z) and = € bCly(A), we have we have
bCl(UNU,) N A # ¢. Therefore, there exists
a point y € bCL(UNU,)NA. Soy € A and
r(y) =y € bCU(U). Since bCI(U) = sCl(U),
sCUU) N Int(CUV)) = ¢ gives r(y) ¢
Int(Cl(V)). On the other hand, y € bC1(U,)
and this implies r(bCU(U,)) € Int(CL(V)).
This is contradiction with the hypothesis that
r is almost strongly #-b-continuous retraction.

Thus A is b-6-closed subset of X. O

Theorem 3.15. Let X ,X; and Xy be topo-
logical spaces, If h : X — X; x Xy, h(x) =
(21, 22) is almost strongly 6-b-continuous then
fi: X — X, fi(z) = x; is almost strongly 0-
b-continuous fori =1, 2.

Proof. We show only that f; : X — X; is al-
most strongly 6-b-continuous. Let V; be any
regular open set in X;. Then V; x X, is regu-
lar open in X; x X, and hence h™}(V; x X5) is
b-0-open in X. Since f; (V1) = ™1 (Vi x Xs),
f1 is almost strongly 6-b-continuous.

OJ

A subset K of a space X is said to be b-
closed relative to X [16] ( resp; N-closed rela-
tive to X [15]) if for every cover {V, : o € A}
of K by b-open ( regular open ) sets of X,
there exists a finite subset Ag of A such that
K CU{bCl(V,) : a € A} (resp; K CU{V,, :
o€ Ao})



Theorem 3.16. If a function f : X — Y
18 almost strongly 0-b-continuous and K 1is
b-closed relative to X then f(K) is N-closed
relative to Y.

Proof. Let {V,, : @ € A} be a cover of f(K)
by regular open sets of Y. For each point
r € K, there exists a(x) € A such that
f(z) € Viyg. Since f is almost strongly
0-b-continuous there exists U, € BO(X,x)
such that f(bCl(U,)) C Vi) The family
{U, : x € K} is a cover of K by b-open sets of
X and hence there exists a finite subset K of
K such that K C U,ek,bCIl(U,). Therefore,
we obtain f(K) C Ugek,Va(z). This shows
that f(K) is N-closed relative to Y. O

A topological space X is said to be quasi-H-
closed [17] if every cover of X by open sets
has a finite subcover whose closures cover X.

Theorem 3.17. Let X be a submaximal ex-
termally disconnected space. If a function
f X — Y has a b-0-closed graph, then
fYK) is O-closed in X for each subset K
which is quasi-H -closed relative to Y .

Proof. Let K be a quasi-H-closed set of Y
and z ¢ f~Y(K). Then for each y € K we
have (z,y) ¢ G(f) and by Lemma 3.12 there
exists U, € BO(X, x) and an open set V,, of Y
containing y such that f(bCI1(U,)) ﬂCl(V )=

¢. The family {V, : y € K is an open cover
of K and there exists a finite subset Ky of K
such that K C Uyeg,Cl(V,). Since X is sub-
maximal extermally disconnected, each U, is
open in X and bCl(U,) = CIl(U). Set U =
Nyer,Uy, then U is an open set containing x
and f(CIU)) 1 CI(K) € Uyero [F(CIT)) 0

CUV,)] € Uaer[F(BCUT,)) 0 CUV,)] = 6.
Therefore, we have CI(U) N f~}(K) = ¢ and
hence z ¢ Cly(f~'(K)). This shows that
fYK) is O-closed in X. O
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Theorem 3.18. If a function f : X — Y has
a b-0-closed graph, then f(K) is 0-closed in
Y for each subset K which is b-closed relative
to X.

Proof. Let K be a b-closed relative to X and
y €Y\ f(K). Then for each x € K we have
(x,y) ¢ G(f) and by Lemma 3.12, there exist
U, € BO(X,z) and open set V, of Y contain-
ing y such that f(bCIl(U,))NCI(V,) = ¢. The
family {U, : x € K} is a cover of K by b-open
sets of X. Since K is b-closed relative to X,
there exists a finite subset K of K such that
K CU{bCl(U, : z € Ko)}. put V. =n{V, :
x € Ko}. then V is an open set containing
y and f(K)NNCUV) € [User, f(bCHUL))] N

CUV) S User, [f(CU(UL)) N CU(V2)] = ¢
Therefore, we have y € Cly(f(K)) and hence
f(K) is O-closed in Y. O
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